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Abstract: In conventional acoustic scattering theory, a large-distance asymptotic approxi-
mation is employed. In this approximation, a far-field pattern, an asymptotic approximation
of the exact result, is used to describe a scattering process. The information of the dis-
tance between the target and the observer, however, is lost in the large-distance asymptotic
approximation. In this paper, we provide a rigorous theory of acoustic scattering without
the large-distance asymptotic approximation. The acoustic scattering treatment developed
in this paper provides an improved description for the acoustic wave outside the target.
Moreover, as examples, we consider acoustic scattering on a rigid sphere and on a nonrigid
sphere. We also illustrate the influence of the near target effect on the angular distribution
of outgoing waves. It is shown that for long wavelength acoustic scattering, the near target
effect must be reckoned in.
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1 Introduction
Solving an acoustic scattering problem boils down to solving a Helmholtz equation(∇2 + k2)u (x) = 0 (1.1)
with a given boundary condition, where k is the wave number and u (x) describes the
complex amplitude of acoustic pressures [1–4]. If the incident wave is a plane wave, the
solution of Eq. (1.1) can be written as
u (x) = eik·x + us (x) , (1.2)
where k is the wave vector of the incident wave and us (x) is the outgoing wave [2–4]. Then
the task of solving u (x) is converted into solving the outgoing wave us (x).
In conventional acoustic scattering theory, the outgoing wave us (x) is approximately
solved under a large-distance asymptotics [2–4]:
us (x) =
eik|x|
|x| u∞
(
x
|x|
)
+O
(
1
|x|2
)
, (1.3)
where u∞
(
x
|x|
)
is the far-field pattern of the outgoing wave. Then, instead of the exact
outgoing wave us (x), one turns to calculate the far-field pattern u∞
(
x
|x|
)
.
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The large-distance asymptotic approximation supposes that the distance between the
target and the observer is infinite. Obviously, such an approximation loses the information
of the distance. As a result, the observable quantity, such as the scattering intensity I (x),
depends only on the angle of emergence.
In realistic acoustic scattering, however, the wavelength of acoustic waves is often com-
parable with the distance between the target and the observer. In long wavelength acoustic-
wave scattering, the large-distance asymptotic approximation is not accurate enough and
a scattering theory without large-distance asymptotics is needed.
Recently, a rigorous scattering theory without large-distance asymptotics in quantum
mechanics is developed [5, 6]. In this scattering theory, the information of the distance
between the target and the observer is taken into account, since there is no large-distance
asymptotic approximation. Taking advantage of this rigorous scattering theory, in this
paper, we develop a rigorous acoustic scattering theory without large-distance asymptotic
approximation. The acoustic scattering theory developed in the present paper is valid
outside the target since this treatment depends on the assumption that the influence of the
target must vanish at large distance.
Acoustic scattering deals with the propagation of sounds. There are many researches on
acoustic scattering, for example, acoustic waves scattering on different targets such as fluid
spheroids [7] and finite rigid plates [8]. Underwater acoustic scattering is also an important
issue, such as underwater acoustic scattering signal separation [9], acoustic scattering from
underwater elastic objects [10], acoustic scattering by suspended flocculating sediments
[11] and acoustic scattering in gassy soft marine sediments [12]. Other problems such as
acoustic scattering-resonance [13], acoustic scattering reductions [14], acoustic scattering
in nonuniform potential flows [15], designing the bilaminate acoustic cloak [16], control of
acoustic absorptions [17], acoustic interaction forces [18], acoustic radiation forces [19], and
scattering effects on an acoustic black hole [20] are also considered.
In section 2, we construct an rigorous acoustic scattering theory without large-distance
asymptotics. In sections 3 and 4, we consider two acoustic scattering processes, plane waves
scattering on a rigid sphere and on a nonrigid sphere. The conclusion is summarized in
section 5.
2 Acoustic scattering theory without large-distance asymptotics
As mentioned above, in conventional acoustic scattering theory, instead of the outgoing
wave us (x), one turns to find the far-field pattern u∞
(
x
|x|
)
, the large-distance asymptotic
approximation of us (x). In this section, instead of the far-field pattern u∞
(
x
|x|
)
, we
calculate the exact result of the outgoing wave us (x) by introducing an exact pattern
uexact (x) which is an exact version of the far-field pattern u∞
(
x
|x|
)
.
2.1 Exact pattern
Introduce the exact pattern uexact (x) by rewriting the outgoing wave u
s (x) in Eq. (1.2) as
us (x) =
eik|x|
|x| uexact (x) . (2.1)
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As will be shown later, the exact pattern uexact (x) recovers the far-field pattern as |x|
goes to infinity:
uexact (x)
|x|→∞∼ u∞
(
x
|x|
)
. (2.2)
Now we represent the scattering intensity by the exact pattern uexact (x).
The scattering intensity I (x) can be represented in terms of the exact pattern uexact (x)
as
I (x) =
ρ0ωk
|x|2 |uexact (x)|
2 , (2.3)
where ρ0 is the density of the medium, ω is the frequency of the acoustic wave, and k = 2pi/λ
with λ the wavelength.
Proof. The scattering intensity I (x) is defined as the component of the energy flow in the
radial direction,
I (x) = Js (x) · er, (2.4)
where the energy flow J (x) is defined as [1, 2]
J (x) =
1
2
i
ωρ0
[u (x)∇u∗ (x)− u∗ (x)∇u (x)] . (2.5)
Substituting Eq. (2.1) into Eqs. (2.5) and (2.4) proves Eq. (2.3).
The result obtained in the present paper is based the short-range interaction scattering
theory. The short-range scattering theory is based on the assumption that the interaction
must decrease fast enough. The acoustic scattering in which the influence of the target is
limited to a given spatial scale, i.e., the influence of the target decreases to zero outside the
target, is a short-range interaction. For such a kind of scattering, the result given above is
valid outside the target.
2.2 Scattering phase shift
In acoustic scattering, the target plays the role of the potential in quantum-mechanical
scattering. In this section, we introduce the scattering phase shift δl and express the exact
pattern uexact (x) in terms of the scattering phase shift.
The phase shift δl. For scattering of a plane wave by a spherically symmetric target,
the solution of Eq. (1.1) can be written as a linear combination of the spherical Hankel
function [3, 6]
u (x) =
∞∑
l=0
Clh
(2)
l (k |x|)Pl (cos θ) +
∞∑
l=0
Dlh
(1)
l (k |x|)Pl (cos θ) , (2.6)
where h
(1)
l (x) and h
(2)
l (x) are the spherical Hankel functions of first and second kinds and
Pl (x) is the Legendre function [21], Cl and Dl are coefficients, and θ is the intersection
angle between the direction of incident plane wave and the radial.
The scattering phase shift δl is introduced as [6]
e2iδl =
Dl
Cl
. (2.7)
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The exact pattern uexact (x). Now we express the exact pattern uexact (x) explicitly in
terms of the scattering phase shift δl.
The exact pattern uexact (x) can be represented in terms of the phase shift δl as
uexact (x) =
1
2ik
∞∑
l=0
(2l + 1)
(
e2iδl − 1
)
Pl (cos θ) yl
(
− 1
ik |x|
)
, (2.8)
where yl (x) =
∑l
k=0
(l+k)!
k!(l−k)!
(
x
2
)k
is the Bessel polynomial.
Proof. By the expression of the outgoing wave Eq. (2.1), the solution of the Helmholtz
equation Eq. (1.2) can be written as
u (x) = eik|x| cos θ +
eik|x|
|x| uexact (x) . (2.9)
The plane wave eik|x| cos θ in Eq. (2.9) can be exactly expanded as [6]
eik|x| cos θ =
∞∑
l=0
(2l + 1) ilMl
(
− 1
ik |x|
)
1
k |x| sin
[
k |x| − lpi
2
+ ∆l
(
− 1
ik |x|
)]
Pl (cos θ) ,
(2.10)
where Ml (x) = |yl (x)| and ∆l (x) = arg yl (x) are the modulus and argument of the Bessel
polynomial yl (x). Substituting Eq. (2.10) into Eq. (2.9) gives
u (x) =
∞∑
l=0
(2l + 1) ilMl
(
− 1
ik |x|
)
1
k |x| sin
[
k |x| − lpi
2
+ ∆l
(
− 1
ik |x|
)]
Pl (cos θ)+
eik|x|
|x|
∞∑
l=0
u
(l)
exact (x) ,
(2.11)
where uexact (x) is expressed as
uexact (x) =
∞∑
l=0
u
(l)
exact (x) . (2.12)
Eq. (2.6) can be expressed as [6]
u (x) =
∞∑
l=0
AlMl
(
− 1
ik |x|
)
1
k |x| sin
[
k |x| − lpi
2
+ δl +∆l
(
− 1
ik |x|
)]
Pl (cos θ) , (2.13)
where Al = 2
√
ClDl.
Rewriting the trigonometric function in Eqs. (2.11) and (2.13) in terms of the expo-
nential function and equalling the coefficients of e±ik|x| give
Al =
1
2
il (2l + 1) eiδl (2.14)
and
u
(l)
exact (x) =
1
2ik
(2l + 1)
(
e2iδl − 1
)
Pl (cos θ) yl
(
− 1
ik |x|
)
. (2.15)
Substituting Eq. (2.15) into Eq. (2.12) proves Eq. (2.8).
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2.3 Scattering intensity and sound pressure
The scattering intensity I (x) in Eq. (2.3) is represented by the exact pattern uexact (x)
and the exact pattern uexact (x) in Eq. (2.8) is represented by the phase shift δl. In this
section, we represent the scattering intensity I (x) and the pressure p (x, t) in terms of the
phase shift δl.
The scattering intensity can be obtained by substituting Eq. (2.8) into Eq. (2.3):
I (x) =
ρ0ωk
|x|2
∣∣∣∣∣
∞∑
l=0
(2l + 1)
1
2k
(
e2iδl − 1
)
yl
(
− 1
ik |x|
)
Pl (cos θ)
∣∣∣∣∣
2
. (2.16)
The sound pressure p (x, t) is
p (x, t) = Re
[
u (x) e−iωt
]
, (2.17)
where u (x) is given by Eqs. (2.13) and (2.14). Then we have
p (x, t) =
cosωt
2k |x|
∞∑
l=0
Ml
(
− 1
ik |x|
)
il (2l + 1) eiδl sin
[
k |x| − lpi
2
+ δl +∆l
(
− 1
ik |x|
)]
Pl (cos θ) .
(2.18)
3 Acoustic scattering on rigid sphere
In this section, as an example, we consider the problem of a plane wave scattering on a
rigid sphere.
3.1 Scattering intensity
The phase shift δl of a plane wave scattered by a rigid sphere can be obtained from the
boundary condition. The boundary condition of a rigid sphere is [1, 4]
1
iωρ0
∇u (x)
∣∣∣∣
|x|=a
= 0, (3.1)
where a is the radius of the sphere. Substituting Eq. (2.6), Dl =
1
4 i
l (2l + 1) e2iδl , and
Cl =
1
4 i
l (2l + 1) [6] into the boundary condition (3.1) gives
e2iδl = −
dh
(2)
l (kr) /dr
∣∣∣
r=a
dh
(1)
l (kr) /dr
∣∣∣
r=a
=
l
kah
(2)
l (ka)− h(2)l+1 (ka)
l
kah
(1)
l (ka)− h(1)l+1 (ka)
, (3.2)
where ddzh
(1,2)
ν (z) =
ν
zh
(1,2)
ν (z) − h(1,2)ν+1 (z) is used [21]. The phase shift, by noting that
h
(2)∗
l (z) = h
(1)
l (z), then reads
δl = arg
(
l
ka
h
(2)
l (ka)− h(2)l+1 (ka)
)
. (3.3)
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The scattering intensity then can be achieved by substituting Eq. (3.2) into Eq. (2.16):
I (x) =
ρ0ωk
|x|2
∣∣∣∣∣
∞∑
l=0
(2l + 1)
1
2k
[
exp
(
2i arg
(
l
ka
h
(2)
l (ka)− h(2)l+1 (ka)
))
+ 1
]
yl
(
− 1
ik |x|
)
Pl(cos θ)
∣∣∣∣∣
2
.
(3.4)
Rayleigh scattering. Taking only the s-wave and p-wave contributions into account and
assuming that ka≪ 1, we arrive at
I (x) ∼ ρ0ωk
5a6
9 |x|2
(
1− 3
2
cos θ
)2 [
1 +
1
k2 |x|2
(
3 cos θ
2− 3 cos θ
)2]
, (3.5)
where y0
(
− 1ik|x|
)
= 1 and y1
(
− 1ik|x|
)
= 1− 1ik|x| are used. One can see that the scattering
intensity I (x) is a function of both the angle θ and the distance |x|. When |x| → ∞,
I (x) reduces to the result of the large-distance asymptotic approximation in conventional
acoustic scattering theory [1, 4]:
I∞ (x) ∼ ρ0ωk
5a6
9 |x|2
(
1− 3
2
cos θ
)2
. (3.6)
3.2 Near target effect
The large-distance asymptotic approximation in conventional scattering theory losses the
information of the distance between the target and the observer. In the following, we show
the influence of the near target effect in scattering cross sections.
The differential scattering cross section is given by [4]
dσ
dΩ
= I (x)
|x|2
ρ0ωk
, (3.7)
where the scattering intensity I (x) is given by Eq. (3.4). In figures (1) to (4), we illustrate(
dσ
dΩ
)1/2
/a versus the polar angel θ at different distance |x| for different wave lengths up to
the f -wave contribution.
From the figures we can see that the near target effect can not be ignored when the
distance is comparable with the wave length. The exact result recovers the large-distance
asymptotics in conventional scattering theory as the distance goes to infinity.
In order to show the near target effect, we consider the deviation ∆σ = σ − σ∞. By
Eqs. (3.7), (3.5), and (3.6), we have
d∆σ
dΩ
=
k2a6
4 |x|2 cos
2 θ. (3.8)
where we take only the s-wave and p-wave contributions into account and assume that
ka≪ 1.
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Figure 1. A sketch of the angular distribution of a plane wave scattered by a rigid sphere of
radius a:
(
dσ
dΩ
)1/2
/a versus the polar angle θ for ka≪ 1 up to the f -wave contribution at different
distances |x1| < |x2| < |x3| < |x4| < |x|.
3.3 Power
The power of an acoustic scattering on a sphere can be calculated by [1, 4]
Psc =
∫ 2pi
0
∫ pi
0
I (x) |x|2 sin θdθdφ. (3.9)
Substituting Eq. (3.5) into Eq. (3.9) gives
Psc (ω,x) ∼ 7piρ0ωa
6k5
9
(
1 +
3
7k2 |x|2
)
. (3.10)
The large-distance asymptotics then reads
Psc∞ (ω) ∼ 7piρ0ωa
6k5
9
. (3.11)
This is just the result given by the conventional scattering theory [4].
4 Acoustic scattering on nonrigid sphere
In this section, we consider the problem of a plane wave scattering on a nonrigid sphere.
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Figure 2. A sketch of the angular distribution of a plane wave scattered by a rigid sphere of
radius a:
(
dσ
dΩ
)1/2
/a versus the polar angle θ for ka = 1 up to the f -wave contribution at different
distances |x1| < |x2| < |x3| < |x4| < |x|.
4.1 Scattering intensity
For a plane wave scattering on a nonrigid sphere, the phase shift δl can be obtained from
the boundary condition of a nonrigid sphere [1, 4].
Inside a nonrigid sphere, the solution of the Helmholtz equation can be written as [1, 4]
ue (x) = iωρe
∞∑
l=0
Aljl (ke |x|)Pl (cos θ) , (4.1)
where ke = ω/ce with ce the velocity of the acoustic wave inside the nonrigid sphere, ω
the frequency of the acoustic wave, Al is the coefficient, and ρe the density of the nonrigid
sphere. By Eq. (2.6) with Dl =
1
4 i
l (2l + 1) e2iδl and Cl =
1
4 i
l (2l + 1) [6], the solution
uo (x) outside the sphere reads
uo (x) =
iωρ0
4
∞∑
l=0
il (2l + 1)
[
h
(2)
l (k0 |x|) + e2iδlh(1)l (k0 |x|)
]
Pl (cos θ) , (4.2)
where k0 = ω/c0, c0 is the velocity of the acoustic wave outside the nonrigid sphere, and
ρ0 is the density outside the nonrigid sphere.
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Figure 3. A sketch of the angular distribution of a plane wave scattered by a rigid sphere of
radius a:
(
dσ
dΩ
)1/2
/a versus the polar angle θ for ka = 2 up to the f -wave contribution at different
distances |x1| < |x2| < |x3| < |x4| < |x|.
The phase shift δl is given by the connection condition on the boundary [1, 4]
ue (x)|r=a = uo (x)|r=a , (4.3)
and
1
iωρε
∂
∂r
ue (x)
∣∣∣∣
r=a
=
1
iωρ0
∂
∂r
uo (x)
∣∣∣∣
r=a
. (4.4)
Substituting Eqs. (4.1) and (4.2) into Eqs. (4.3) and (4.4) respectively gives
e2iδl =
ρe
ρ0
jl (ker)
dh
(2)
l
(k0r)
dr − h
(2)
l (k0a)
djl(ker)
dr
h
(1)
l (k0r)
d
dr jl (ker)− ρeρ0 jl (ker)
dh
(1)
l
(k0r)
dr
∣∣∣∣∣∣
r=a
=
−jl (kea)
[
l (ρ0 − ρe)h(2)l (k0a) + ak0ρeh(2)l+1 (k0a)
]
+ akeρ0h
(2)
l (k0a) jl+1 (kea)
jl (kea)
[
l (ρ0 − ρe) h(1)l (k0a) + ak0ρeh(1)l+1 (k0a)
]
− akeρ0h(1)l (k0a) jl+1 (kea)
,
(4.5)
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Figure 4. A sketch of the angular distribution of a plane wave scattered by a rigid sphere of
radius a:
(
dσ
dΩ
)1/2
/a versus the polar angle θ for ka = 4 up to the f -wave contribution at different
distances |x1| < |x2| < |x3| < |x4| < |x|.
where ddzh
(1,2)
ν (z) =
ν
zh
(1,2)
ν (z)−h(1,2)ν+1 (z) and ddz jν (z) = νz jν (z)− jν (z) are used [21]. The
phase shift then reads
δl = arg
(
jl (kea)
[
l (ρ0 − ρe)h(2)l (k0a) + ak0ρeh
(2)
l+1 (k0a)
]
− akeρ0h(2)l (k0a) jl+1 (kea)
)
−pi
2
.
(4.6)
Substituting Eq. (4.5) into Eq. (2.16) gives the scattering intensity,
I (x) =
ρ0ωk0
|x|2
∣∣∣∣∣
∞∑
l=0
(2l + 1)
1
2k0
Pl (cos θ) yl
(
i
k0 |x|
)
×

 2jl (kea) [l (ρ0 − ρe) jl (k0a) + ak0ρejl+1 (k0a)]− 2akeρ0jl (k0a) jl+1 (kea)jl (kea) [l (ρ0 − ρe) h(1)l (k0a) + ak0ρeh(1)l+1 (k0a)]− akeρ0h(1)l (k0a) jl+1 (kea)


∣∣∣∣∣∣
2
,
(4.7)
where jl (z) =
1
2
[
h
(2)
l (z) + h
(1)
l (z)
]
is used [5].
Rayleigh scattering. Taking only the s-wave and p-wave contributions into account and
assuming that ka≪ 1 gives the scattering intensity
I (x) ∼ ρ0ωk
5
0a
6
9 |x|2
(
κ0 − κe
κ0
− 3 ρe − ρ0
2ρe + ρ0
cos θ
)2
×
[
1 +
(
2ρe + ρ0
ρe − ρ0
κ0 − κe
3κ0
1
cos θ
− 1
)−2 1
k20 |x|2
]
, (4.8)
where κ0 = k
2
0/ρ0 and κe = k
2
e/ρe.
– 10 –
Figure 5. A sketch of the angular distribution of a plane wave scattered by a rigid sphere of
radius a:
(
dσ
dΩ
)1/2
/a versus the polar angle θ for k0a≪ 1 up to the f -wave contribution at different
distance |x1| < |x2| < |x3| < |x4| < |x|.
When |x| tends to infinity, Eq. (4.8) reduces to
I∞ (x) ∼ ρ0ωk
5
0a
6
9 |x|2
[
κ0 − κe
κ0
− 3 (ρe − ρ0)
ρ0 + 2ρe
cos θ
]2
. (4.9)
This is just the scattering intensity given by conventional scattering theory [1, 4].
4.2 Near target effect
In the following, we show the influence of the near target effect in scattering cross sections.
Substituting I (x) given by Eq. (4.7) into Eq. (3.7) gives the differential scattering cross
section. In figures (5) to (8), we sketch
(
dσ
dΩ
)1/2
/a versus the polar angel θ at different
distance |x| for different wave lengths up to f -wave contribution.
In order to show the near target effect, we consider the deviation ∆σ = σ − σ∞. By
Eqs. (3.7), (4.8), and (4.9), we have
d∆σ
dΩ
=
k20a
6
9 |x|2
(
2ρe + ρ0
ρe − ρ0
κ0 − κe
3κ0
1
cos θ
− 1
)−2
. (4.10)
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Figure 6. A sketch of the angular distribution of a plane wave scattered by a rigid sphere of
radius a:
(
dσ
dΩ
)1/2
/a versus the polar angle θ for k0a = 1 up to the f -wave contribution at different
distance |x1| < |x2| < |x3| < |x4| < |x|.
where we take only the s-wave and p-wave contributions into account and assume that
ka≪ 1.
4.3 Power
The scattering power can be obtained by substituting Eq. (4.8) into Eq. (3.9).
Psc(ω,x) ∼ 4pi
9
ρ0ωk
5
0a
6
[
(κ0 − κe)2
κ20
+ 3
(
ρe − ρ0
2ρe + ρ0
)2(
1 +
1
k2 |x|2
)]
. (4.11)
When |x| tends to infinity, Eq. (4.11) reduces to
Psc∞(ω) ∼ 4pi
9
ρ0ωk
5
0a
6
[
(κ0 − κe)2
κ20
+ 3
(
ρe − ρ0
2ρe + ρ0
)2]
. (4.12)
This is just the scattering power given by the conventional scattering theory [1, 4].
5 Discussions and conclusions
In this paper, we provide a rigorous acoustic scattering theory without the large-distance
asymptotic approximation. In our treatment, instead of the far-field pattern u∞
(
x
|x|
)
in
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Figure 7. A sketch of the angular distribution of a plane wave scattered by a rigid sphere of
radius a:
(
dσ
dΩ
)1/2
/a versus the polar angle θ for k0a = 2 up to the f -wave contribution at different
distance |x1| < |x2| < |x3| < |x4| < |x|.
conventional scattering theory, we consider an exact pattern uexact (x) without the large-
distance asymptotic approximation. The scattering intensity I (x) is represented in terms
of the exact pattern uexact (x). The exact pattern uexact (x) is represented in terms of the
phase shift δl. Two examples, plane waves scattering on a rigid sphere and on a nonrigid
sphere are considered. We also compare our result with the result given by conventional
scattering theory. Moreover, we show that the near target effect can not be ignored for long
wavelength acoustic scattering.
For an incident wave packet uinc (r) along the z-axis, the incident wave can be expanded
in terms of plane waves eik·r with k the wave vector in z direction, that is, uinc (r) =∑
k
Cke
ik·r, where Ck is the coefficient. Each incident plane wave e
ik·r corresponds to
a scattering wave usc
k
(r). Therefore, the scattering wave usc (r) of incident wave packet
uinc (r) is the sum of scattering waves usc
k
(r) of each individual incident plane waves eik·r,
i.e., usc (r) =
∑
k
Cku
sc
k
(r). That is, the key problem is the plane-wave scattering, so in
this paper we only consider the case that the incident wave is a plane wave. Moreover,
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Figure 8. A sketch of the angular distribution of a plane wave scattered by a rigid sphere of
radius a:
(
dσ
dΩ
)1/2
/a versus the polar angle θ for k0a = 4 up to the f -wave contribution at different
distance |x1| < |x2| < |x3| < |x4| < |x|.
when the incident wave is a wave packet, one also need to consider the contribution of the
interference.
The scattering considered in this paper is the scattering on spherically symmetric target.
For non-spherically symmetric targets, the target function can be expanded by the spherical
harmonic function [22]. Then the result of a non-spherically symmetric scattering is a series
sum of spherically symmetric scatterings.
In realistic acoustic scattering, the wavelength of acoustic waves is often comparable
with the distance between the target and the observer. In this case, a rigorous theory of
acoustic scattering that preserves the information of the distance becomes important.
In acoustic scattering, it is needed to calculate the scattering phase shift. The scattering
phase shift is determined by solving the Helmholtz equation with the boundary condition
on the obstacle. In further works, we can apply the heat-kernel method to calculate the
scattering phase shift using the approach developed in Refs. [23–26].
In long wavelength scattering, such as the scattering of sounds with wavelength ranging
from tens of centimeters to a few meters, sonars with wavelength ranging from tens of meters
to hundreds of meters, and earthquake waves with wavelength ranging from hundreds of
meters to thousands of meters, the wavelength of acoustic waves is often too long to use the
large-distance asymptotic approximation. In applications such as designing the structure
of the theater, conducting deep sea and geological exploration by detecting the sonar and
the earthquake wave, the distance is comparable with the wavelength in order to receive
signals with enough intensity. Under this circumstance the near target effect needs to be
reckoned in.
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